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The eukaryotic flagellum beats periodically, driven by the oscillatory dynamics of molecular mo-
tors, to propel cells and pump fluids. Small, but perceivable fluctuations in the beat of individual
flagella have physiological implications for synchronization in collections of flagella as well as for hy-
drodynamic interactions between flagellated swimmers. Here, we characterize phase and amplitude
fluctuations of flagellar bending waves using shape mode analysis and limit-cycle reconstruction.
We report a quality factor of flagellar oscillations, Q = 38.0± 16.7 (mean±s.e.). Our analysis shows
that flagellar fluctuations are dominantly of active origin. Using a minimal model of collective motor
oscillations, we demonstrate how the stochastic dynamics of individual motors can give rise to active
small-number fluctuations in motor-cytoskeleton systems.
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Systems far from equilibrium such as living matter dis-
play active, non-thermal fluctuations, as well as directed
motion and oscillations, which are important for biologi-
cal function. As a prominent example, molecular motors
coupled to cytoskeletal filaments convert chemical energy
into work and heat to generate motion at the cellular
scale. Motor-filament systems can drive mechanical oscil-
lations including spontaneous hair bundles oscillations in
the ear [1], mitotic spindle oscillations during cell division
[2], sarcomere oscillations in insect flight muscle [3], and
the regular bending waves of cilia and flagella, which pro-
pel cells in a liquid including sperm and green algae [4],
as well as clear mucus in mammalian airways [5]. Cilia
and flagella are slender cell appendages of 10−100µm
length, ubiquitously found in non-bacterial cells, which
comprise a conversed cylindrical scaffold of microtubules
interspersed by dynein molecular motors.
The collective dynamics of the motors working against
a visco-elastic load drives flagellar oscillations via a dy-
namic instability [6]. Force generation by individual
motors relies on the stochastic progression through a
mechanico-chemical cycle [7]. The stochastic nature of
force generation should manifest itself in oscillations that
display a characteristic level of noise, representative of
active fluctuations. Intriguingly, previous work reported
Fourier peaks of finite width in power spectra of flagellar
oscillations [8], and phase-slips in pairs of synchronized
flagella [9–11], which allowed an indirect assessment of
flagellar noise. A direct measurement of flagellar fluc-
tuations is pending, let alone a mechanistic understand-
ing. Flagellar fluctuations impart on biological function:
Phase fluctuations of flagellar beating should counter-act
synchronization in collections of flagella, which is impor-
tant for fast swimming [12] and efficient fluid pumping
[13]. Amplitude fluctuations will result in noisy swim-
ming paths of flagellated swimmers and impart on hy-
drodynamic interactions between swimmers [14].
Here, we report direct measurements of phase and am-
plitude fluctuations of the flagellar beat and discuss the
microscopic origin of active flagellar fluctuations using a
minimal model. We further illustrate the impact of flagel-
lar fluctuations on swimming and synchronization. Our
analysis contributes to a recent interest in driven, out-
of-equilibrium systems and their fluctuation fingerprint
[15–18] by characterizing noisy limit-cycle dynamics in
an ubiquitous motility system, the flagellum.
Flagellar shape analysis. We characterize flagellar beat
patterns as superposition of principal shape modes. This
dimensionality reduction is key to our fluctuation anal-
ysis. We analyze planar beat patterns of bull sperm
swimming close to a boundary surface [19], filmed at 250
frames-per-second (corresponding to about 8 frames per
beat cycle). The flagellar centerline r(s, t), tracked as
function of arclength position s and time t, can be ex-
pressed with respect to a material frame of the sperm
head in terms of a tangent angle ψ(s, t)
r(s, t) = rh(t)−
∫ s
0
ds′ [cosψ(s′, t)e1+sinψ(s′, t)e2]. (1)
Here, rh(t) denotes the sperm head center, and e1
and e2 are ortho-normal vectors with e1 pointing
along the long head axis, see Fig. 1A. A space-time-
plot of ψ(s, t) reveals the periodicity of the flagel-
lar beat, see Fig. 1B. This high-dimensional data
set can be projected on a low dimensional ‘shape
space’ using shape mode analysis based on princi-
pal component analysis [20]. The time-averaged tan-
gent angle ψ0(s)=
∑n
i=1 ψ(s, ti)/n characterizes the mean
shape of the beating flagellum (n=1024 frames in each
movie). We further define a two-point correlation matrix
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2M(s, s′)=
∑
i[ψ(s, ti)−ψ0(s)][ψ(s′, ti)−ψ0(s′)], where s,
s′ range over m equidistant arc-length positions along
the flagellum. The eigenvectors ψj(s) of the symmet-
ric m × m-matrix M , sorted by decreasing magnitude
of the corresponding eigenvalues, characterize principal
shape modes of the flagellar beat. The first two shape
modes account for 95±1% of the variance of the tangent
angle data (all measurements are mean±s.e., n=7 cells).
We project the full data set on a two-dimensional shape-
space spanned by these two shape-modes
ψ(s, t) ≈ ψ0(s) + β1(t)ψ1(s) + β2(t)ψ2(s) (2)
with shape-coefficients β1, β2 obtained by least-square fit,
see Fig. 1C,D. Flagellar beating implies periodic shape
changes of the flagellum, and thus noisy oscillations of the
shape-coefficients with mean frequency ω0=2pi/T , where
T=32.4±1.9 ms. Individually, β1(t)ψ1(s) and β2(t)ψ2(s)
describe standing waves; their combination results in a
traveling wave propagating from the base to the tip of
the flagellum, thereby facilitating net propulsion.
Limit-cycle reconstruction. The point cloud repre-
senting subsequent flagellar shapes in Fig. 1D forms a
closed loop. This allows us to define a limit-cycle of
noisy flagellar oscillations (red) by fitting a closed curve(
β1(ϕ), β2(ϕ)
)
, parametrized by a phase ϕ. The phase
parametrization of the limit-cycle is defined such that the
mean of the phase speed is independent of ϕ [21]. Thus,
ϕ slightly differs from the polar angle in the (β1, β2)-
plane. Next, we assign a unique flagellar phase to each
tracked flagellar shape by projecting the corresponding
point in the (β1, β2)-plane radially onto the limit-cycle.
The shape trajectory (β1(t), β2(t)) avoids the singular
origin, thus the instantaneous phase speed ϕ˙ is well-
defined.
Phase fluctuations. The phase speed ϕ˙ has mean
equal to the frequency ω0 of the beat, but can
fluctuate around this mean. Phase speed fluctua-
tions cause a decay of the phase-correlation-function
C(t)=〈exp[i[ϕ(t0 + t)−ϕ(t0)]〉], see Fig. 1E. This decay
is insensitive to measurement noise that is uncorrelated
from frame to frame. The frame-to-frame phase incre-
ments ∆ϕi=ϕ(ti+1)−ϕ(ti) are approximately normally
distributed (Fig. 1F, inset). Further, the correlation time
of phase speed fluctuations is on the order of our tempo-
ral resolution 4 ms or below, and thus short compared to
the time-scale of phase decoherence. We can thus inter-
pret the observed phase decoherence using an idealized
model of δ-correlated phase speed fluctuations,
ϕ˙ = ω0 + ζ, (3)
where ζ is Gaussian white noise with 〈ζ(t)ζ(t′)〉=2Dδ(t−
t′) and D denotes a phase-diffusion coefficient. In this
idealization, |C(t)|= exp(−D|t|). By fitting an exponen-
tial to measured |C(t)|, we obtain the phase-diffusion co-
efficient of sperm flagellar beating, D=3.2±1.9 s−1, see
Fig 1E. An alternative measure for the phase stability
of oscillations is the quality factor, Q = ω0/(2D) =
38.0±16.7, where ω0/Q indicates the width at half-
maximum of the principal peak in the power spectral
density of exp[iϕ(t)].
The observed phase fluctuations of the flagellar beat
are dominantly of active origin and surpass passive, ther-
mal fluctuations by orders-of-magnitude (as suggested by
earlier, indirect measurements [10]): For a simple esti-
mate, we consider a flagellar beat that is constrained to
move along the shape limit-cycle with ϕ as only degree of
freedom. The friction force Pϕ conjugate to ϕ comprises
hydrodynamic friction γϕ˙ and dissipation within the flag-
ellum. We estimate γ≈3 pNµm s [22, 23]. We thus obtain
an upper bound kBT/γ ≈ 0.0015 s−1 for the contribution
of thermal fluctuations to phase-diffusion D, which is a
thousand-fold smaller than the value measured.
Amplitude fluctuations. We define an instanta-
neous amplitude of the flagellar beat, A(t)=|β1(t) +
iβ2(t)|/ρ0 (ϕ(t)), normalized by ρ0(ϕ)=|β1(ϕ) + iβ2(ϕ)|.
Thus, the complex oscillator variable Z(t)=A(t)eiϕ(t)
maps the shape limit-cycle onto the unit circle. In
our data, the amplitude A(t) is approximately nor-
mally distributed with σ2A = 〈A(t)2〉−1=0.0070±0.0023
[38]. The autocorrelation function of amplitude fluctu-
ations decays with time-constant τA=5.9±1.8 ms. Inter-
estingly, we find that phase speed correlates with ampli-
tude squared; the slope −ω1 of a linear regression gives
ω1/ω0=0.38±0.10, see Fig. 1F. Thus, the beating flagel-
lum is represented as a non-isochronous oscillator (with
approximate isochrones ϕ−2τAω1lnA=const [24]). Non-
isochrony of non-linear oscillators has been related to
synchronization [25, 26].
Noisy normal form. Previous theoretical work de-
scribed the onset of flagellar oscillations as a supercritical
Hopf bifurcation [27] with normal form (µ>0) [28]
Z˙ = i(ωc − ω1|Z|2)Z + µ(Λ− |Z|2)Z + Ξ. (4)
In the absence of noise, Ξ=0, as considered originally
[27], the complex oscillator variable Z(t)=A(t)eiϕ(t) ex-
hibits spontaneous oscillations with amplitude A=Λ1/2
and frequency ω0=ωc−ω1Λ for effective motor activity
Λ>0. In this case, we may assume Λ=1 after a parame-
ter transformation.
To study the role of fluctuations, we add a multi-
plicative noise term Ξ=Z(ζA + iζϕ) with uncorrelated
Gaussian white noise variables satisfying 〈ζj(t)ζk(t′)〉 =
2Djδjkδ(t − t′), j, k ∈ {A,ϕ}, and use Stratonovich
interpretation. This choice represents the simplest
phase-invariant noise term with tunable phase and
amplitude noise strengths Dϕ and DA [29]. For
weak noise, DA, DϕµΛ, amplitude fluctuations satisfy
〈A(t0)A(t0 + t)〉 − 1 ≈ σ2A exp(−|t|/τA) with correlation-
time τA=(2µΛ)
−1 and variance σ2A=DAτAΛ. Phase fluc-
tuations are colored with effective phase-diffusion coeffi-
cient D=Dϕ+(ω1/µ)
2DA. Our measurements of active
3FIG. 1: (color online) The flagellar beat of sperm cells dis-
plays active fluctuations. A. Tracked flagellar shapes are con-
veniently characterized by a tangent angle ψ(s, t). B. The
kymograph of this tangent angle reveals the periodicity of
the flagellar beat. C. Using principal component analysis,
we identify two principal shape-modes ψ1(s), ψ2(s), whose
superpositions account for 95% of the variability of the tan-
gent angle data. D. By projecting the tangent angle data
on the shape-space spanned by ψ1(s) and ψ2(s), each flagel-
lar shape is assigned a pair of shape-coefficients, (β1, β2), see
eq. (2). This representation allows us to define a limit-cycle of
perfect periodic beating (red). By projection onto this limit-
cycle, we define a phase ϕ for each flagellar shape. E. The
flagellar phase-diffusion coefficient D is determined by fitting
an exponential decay (red) to the phase correlation function
(|C(t)|: blue, ReC(t): light blue). F. Phase speed ∆ϕi/∆t
and squared amplitude A(ti) are negatively correlated. Inset:
phase increments are approximately normally distributed.
flagellar fluctuations thus allow the full parametrization
of eq. (4) (with Λ=1). Note that in the special case
DA=Dϕ  µΛ, our choice of multiplicative noise gives
the same long-term behavior as additive noise.
Flagellar fluctuations imply non-deterministic swim-
ming: Using measured noise strengths, we simulated re-
alistic beat patterns and corresponding stochastic swim-
ming paths, see Fig. 3A. Specifically, we (i) use eq. (4)
to simulate Z(t)=A(t)eiϕ(t), (ii) construct shape coeffi-
cients β1(t) + iβ2(t) = A(t)ρ0(ϕ(t)), and tangent angles
ψ(s, t) by eq. (2), (iii) compute the path rh(t) using re-
sistive force theory [22] as described in [23]. We find
that the center R(t) of sperm swimming circles diffuses
with diffusion coefficient DR=3.3µm
2/s, which is on the
same order of magnitude, albeit smaller, than a value
DR=9±2µm2/s measured for sea urchin sperm [8]. Our
analysis includes amplitude and phase fluctuations, but
neglects additional shape fluctuations; thus our value is
a lower bound.
Although phase and amplitude fluctuations are corre-
lated, we can ask separately for their respective effect
on swimming. Phase fluctuations cause fluctuations in
swimming speed, but do not change the shape of the
path. This is because the Stokes equation governing self-
propulsion at low Reynolds numbers [30] is invariant un-
der (stochastic) re-parametrizations of time.
To gain qualitative insight into the microscopic ori-
gin of noisy oscillations, and the dependence of phase-
diffusion on microscopic parameters, we now discuss a
minimal motor model and show how it can be mapped
onto eq. (4).
A minimal model for noisy motor oscillations. We ex-
emplify how a finite collection of motors drives spon-
taneous oscillations with characteristic small-number-
fluctuations using the classical two-state model [6, 31] in
its most simple form: A collection of N motors, rigidly
attached to an inextensible backbone interacts with a
filament through an effective potential, W (x)=U [1 −
cos(2pix/l)], see Fig. 2A. Here x is the coordinate of the
motor along the filament, and l the periodicity of the fil-
ament. Individual motors can bind to and unbind from
the filament with rates ωon(x)=Ω[η−α cos(2pix/l)] and
ωoff=Ω−ωon. Here, η denotes the mean fraction of at-
tached motors (“duty ratio”). Importantly, the binding
rates are spatially inhomogeneous, characterized by α,
and break detailed balance. If the filament is now coupled
to the backbone by a visco-elastic element with viscosity
ξ and elastic stiffness k, we obtain a force-balance equa-
tion for the position X(t) of the filament, kX+ξX˙=Fm
with Fm = −
∑
i ∂XW (xi−X), where the sum extends
over all bound motors and xi=il/N is a simple choice for
the positions of the motors along the backbone.
To properly define a thermodynamic limit for large N ,
we rescale stiffness and viscosity as k=k0N and ξ=ξ0N .
In the limit N→∞, the system can exhibit spontaneous
oscillations by a supercritical Hopf-bifurcation, when
the normalized motor activity ξa/ξ=2pi
2αNU/(Ωl2ξ) ex-
ceeds the threshold 1+ν, where ν=k/(ξΩ) [31]. For a
finite motor number, we numerically observe noisy oscil-
lations, see Fig. 2.
In the following, we analytically compute the quality
factor Q in the limit of large (yet finite) motor num-
ber N , assuming that we are close to the Hopf bifur-
cation with ε = ξa/ξ−1−ν positive and small. Follow-
ing [31, 32], we first approximated the stochastic binding
and unbinding dynamics of individual motors by a dif-
fusion approximation, thus arriving at a Fokker-Planck
equation for the probability distribution of filament po-
sition and density ρ(x) of bound motors, see appendix
for details. Due to the simple choice of potential W (x),
the dynamics of the first Fourier mode of ρ(x) decou-
ples from that of the higher modes, resulting in a 3-
4FIG. 2: (color online) A minimal model of coupled motors pre-
dicts noisy oscillations. A. An ensemble of N motors, grafted
at a rigid backbone (gray), can bind and unbind to a filament
with transition rates ωon and ωoff . Bound motors interact
with the filament through an interaction potential W (x). Fil-
ament and backbone are coupled visco-elastically. B. The
motor model exhibits spontaneous, noisy oscillations, here vi-
sualized by filament position X and total motor force. The
deterministic limit-cycle is shown in red. C. The phase cor-
relation function C(t) (real-part shown in blue) decays expo-
nentially, |C(t)|≈exp(−Dt), defining the phase-diffusion co-
efficient D. D. The quality factor Q=ω0/(2D) scales with
N for large N , consistent with our analytic approximation
(dashed red, eq. (5)). The star indicates the experimentally
measured Q. For all simulations, we chose parameters close to
the Hopf bifurcation (ξa/ξ=1.2pi
2, ν=10, α=η=0.5, N=104,
unless indicated otherwise; errors smaller than symbol size).
dimensional stochastic system [32]. A non-linear coor-
dinate transformation maps this system onto Hopf nor-
mal form eq. (4), with oscillator variable Z satisfying
ReZ = X/l+O(ε3/2) and phase-dependent noise term
Ξ=iζ, where 〈ζ(t)ζ(t′)〉 = 4DΛ δ(t − t′). The quality
factor Q = ω0/(2D) is found to scale with N
Q ≈ ω0
2Ω
NΛ
η(1− η)
(
2piα√
ν + 1/
√
ν
)2
. (5)
Furthermore, Λ≈ε(1 + 4ν)/[3pi2ν(1 + 2ν)], µ≈Ωε/(2Λ),
ω0≈Ω
√
ν[1 + ε/(2 + 4ν)]. Interestingly, the motor duty
ratio η controls oscillation quality, although η affects nei-
ther amplitude nor frequency (for N→∞). To under-
stand this, note that the number of bound motors fluc-
tuates with mean ηN and variance η(1−η)N . This num-
ber characterizes a spatially homogeneous “background”
of bound motors, which does not contribute directly to
the oscillations, but sets the amplitude of motor den-
sity fluctuations responsible for phase-diffusion. Oscil-
lations become also more regular for increasing ampli-
tude. Eq. (5) and simulations of the full model agree
well close to the Hopf bifurcation, see Fig. 2. This mini-
mal motor model recapitulates the experimental obser-
vation of phase-diffusion in a minimal setting and il-
lustrates how noisy oscillations can arise from small-
number-fluctuations.
Flagellar synchronization. Phase fluctuations cause
FIG. 3: (color online) Flagellar fluctuations imply non-
deterministic swimming and counter-act synchronization. A.
We simulated stochastic sperm swimming paths rh(t) (black),
using measured flagellar fluctuation strengths. Fluctua-
tions imply that the blue center R(t) of red sperm swim-
ming circles diffuses, with apparent diffusion coefficient
DR=3.30±0.01µm2/s. B. Pairs of flagella can synchronize,
e.g. in the green alga Chlamydomonas. In a simple descrip-
tion of flagellar synchronization, the phase difference δ be-
tween its two flagella peaks around zero for realistic noise
strength (λQ=10), but is almost uniformly distributed for
ten-fold stronger noise (λQ=1), indicating lack of synchro-
nization.
phase-slips in pairs of synchronized flagella, e.g. in
the green algae Chlamydomonas [10]. Chlamydomonas
swims with two flagella, which can synchronize their
beat. Analysis of phase-slips allowed a previous, indi-
rect estimate of flagellar phase fluctuations, correspond-
ing to Q≈25 for the quality factor of individual flagella
[10]. A latter study indicated a length-dependence of Q,
with corresponding Q ranging from ≈70−120 for length
increasing from 6µm to 12µm [33]. Interestingly, flagel-
lar synchronization in Chlamydomonas seems to operate
just below a tolerable level of noise: Consider the approx-
imate dynamics of the phase difference δ between two
identical, coupled oscillators, δ˙ = −λ/T sin δ + ζ, where
ζ is Gaussian white noise with 〈ζ(t)ζ(t′)〉 = 4Dδ(t−t′)
[10, 34]. Using the estimate λ≈0.3 for the synchroniza-
tion strength [10], we find λQ≈10, which yields robust
synchronization. A ten-fold higher noise level, however,
implies failure of synchronization, see Fig. 3B.
Conclusion. The beating flagellum is a noisy oscilla-
tor, driven byN≈8·104 dynein motor domains [35]. Here,
we precisely measured its phase and amplitude fluctua-
tions, using a novel method of limit-cycle reconstruction
[20]. We obtain a quality factor Q=38±16.7 of flagellar
oscillations. Values estimated in other cytoskeletal os-
cillators are Q=2.2±1.0 (N≈2500) for spontaneous hair
bundle oscillations [36], and Q=1.4±1.1 (N=10−100) for
an in-vitro acto-myosin system [16]. We find that the
strength of flagellar phase fluctuations is several orders-
of-magnitudes above the level corresponding to thermal
noise, highlighting the active origin of flagellar fluctua-
tions.
We compute the quality factor Q in a minimal
model of motor-filament oscillations, and find that Q
is proportional to the number of motors. A simple
5numerical example [39] yields noisy oscillations with
amplitude, frequency, and quality factor, Al≈68 nm,
ω0≈228 s−1, Q≈33, which roughly match measured val-
ues (Al≈100 nm, ω0≈200 s−1 [19], Q≈38). Our analytic
approximation eq. (5) is not applicable for these large-
amplitude-oscillations. Note that the model does not
fully capture flagellar oscillations quantitatively because
it strongly simplifies flagellar geometry and motor dy-
namics.
We show that phase and amplitude fluctuations affect
sperm swimming differently: Whereas amplitude fluctu-
ations cause an effective diffusion of sperm swimming cir-
cles, phase fluctuations imply speed fluctuations, but do
not change the shape of the path. Additionally, phase
fluctuations introduce phase-slips in collections of syn-
chronized flagella [10].
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Our analysis coarse-grains a phase-dependence of flag-
ellar noise, but see [37].
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6Appendix
We present details on the determination of the quality factor of noisy motor-filament oscillations for the minimal
motor model discussed in the main text. We first derive a Langevin equation [see Eq. (S16)] for the stochastic motor
dynamics using methods presented in [31, 32]. We then show how this Langevin equation can be transformed into a
stochastic Hopf normal form using a center manifold technique, see Eq. (S23). From this, we obtain an approximation
for the quality factor, see Eq. (S33).
In the minimal motor model [6, 31], a collection of N motors is rigidly connected to a common backbone at equally
spaced positions xi = il/N , see Fig. 2A. These motors interact with a filament of periodicity l: Individual motors can
bind and unbind from the filament with position-dependent transition rates
ωon(x) = Ω[η − α cos(2pix/l)], (S1)
ωoff(x) = Ω− ωon. (S2)
Here, Ω denotes a characteristic transition rate, η the duty ratio of motors, and x a coordinate along the filament,
while α characterizes spatial variation of the transition rates. Note that ωon(x) +ωoff(x) = Ω. This so-called uniform
rate assumption greatly simplifies the analytical treatment of the model [31]. Motors bound to the filament are subject
to an interaction potential
W (x) = U [1− cos(2pix/l)]. (S3)
The filament is connected to the motor backbone via an elastic spring of stiffness k = Nk0 and a dashpot with drag
coefficient ξ = Nξ0 operating in parallel, see Fig. 2A. The dynamics of the filament is now given by
kX + ξX˙ = −
∑
i
∂XW (xi −X). (S4)
To properly define a thermodynamic limit for large N , we will rescale stiffness and viscosity as k = k0N and ξ = ξ0N .
Fokker-Planck equation of motor-filament dynamics
We now derive a continuum description for the dynamics of the discrete set of motors. In order to define a probability
density ρ0(z) of bound motors, we divide the interval [0, l] into m bins of width ∆ = l/m and respective bin centers
zi = i∆−∆/2, and set ρ0(zi) = (1/∆)ni/N , where ni denotes the number of bound motors within the i-th bin.
Following [32], we can formulate a master equation that governs the evolution of the joint probability distribution
P (X,n1, . . . , nm) for the filament position X and the bin counts ni
∂P
∂t
=− ∂
∂X
[(
m∑
i=1
W ′(zi −X)
ξ0
ni
N
− k0
ξ0
X
)
P
]
+
m∑
i=1
ωoff(zi −X)(E+i − 1)niP (S5)
+
m∑
i=1
ωon(zi −X)(E−i − 1)
(
N
m
− ni
)
P.
Here, E±i denote step operators, whose action on any function f(ni) obeys E
±
i f(ni) = f(ni ± 1). Using bin center
positions as approximate motor positions introduces a relative coarse-graining error O(1/m2). To obtain a Fokker-
Planck equation for ρ0(z), we replace P (X, {ni}) by P (X, ρ0), expand Eq. (S5) using the operator expansion
E±i = 1±
∂
∂ni
+
1
2
∂2
∂n2i
± · · · (S6)
and neglect all derivatives higher than the second order, which implies a truncation error of order O(1/N2), as well
as a coarse-graining error of relative order O(1/m2). For further simplification, we change the reference frame from
the common motor backbone to the co-moving frame of the filament, and use henceforth the density ρ(x) of bound
motors with respect to the filament coordinate, ρ(x) = ρ0(z −X) (where ρ(x) shall be extended outside the interval
7[−X, l−X] by periodic continuation for mathematical convenience). This finally leads to a functional Fokker-Planck
equation for the distribution function P (X, ρ) (see also [32])
∂P
∂t
= − ∂
∂X
vP +
∫ l
0
dx
δ
δρ(x)
AP (S7)
+
1
2N
∫ l
0
dx
∫ l
0
dy δ(x− y) δ
2
δρ(x)δρ(y)
CP.
The drift terms read
v =
∫ l
0
dx
W ′(x)
ξ0
ρ(x)− k0
ξ0
X, (S8)
A = ωoff(x)ρ(x)− ωon(x)[1/l − ρ(x)]− v∂xρ(x), (S9)
while the diffusion term reads
C = ωoff(x)ρ(x) + ωon(x)[1/l − ρ(x)]. (S10)
Choosing a bin size m ∼ √N that increases with the number of motors, we find that both drift terms and diffusion
terms in Eq. (S7) are each accurate to leading order in 1/N .
Spatial Fourier Expansion
We expand ρ(x) into a spatial Fourier series
ρ(x) =
η
l
a0 +
α
l
∞∑
n=1
an cos
(
2pin
x
l
)
+ bn sin
(
2pin
x
l
)
, (S11)
and rewrite the functional Fokker-Planck equation (S7) in terms of the Fourier coefficients [32]
∂
∂t
P ({an, bn}, X, t) =− ∂
∂X
(vP )−
∑
n
(
∂
∂an
AnP +
∂
∂bn
BnP
)
+
∑
m,n
∂2DaamnP
∂am∂an
+ 2
∂2DabmnP
∂am∂bn
+
∂2DbbmnP
∂bm∂bn
. (S12)
The drift terms An, Bn characterize the deterministic mean-field dynamics of the system, and read
An =
2
α
∫ l
0
A(x) cos(2pinx/l)dx, Bn =
2
α
∫ l
0
A(x) sin(2pinx/l)dx (S13)
for n ≥ 1, while A0 = (1/η)
∫ l
0
A(x)dx and B0 = 0. The elements of the diffusion matrix characterize the noise effect
due to a finite number of motors, and read
Daamn =
2
Nα2
∫ l
0
C(x) cos(2pimx/l) cos(2pinx/l)dx,
Dabmn =
2
Nα2
∫ l
0
C(x) cos(2pimx/l) sin(2pinx/l)dx, (S14)
Dbbmn =
2
Nα2
∫ l
0
C(x) sin(2pimx/l) sin(2pinx/l)dx.
In general, the noise strengths are state-dependent. For small oscillation amplitudes and in the limit of weak noise,
we can approximate them by their respective values evaluated at the fixed point of the deterministic dynamics,
characterized by a0 = 1, a1 = −1, b1 = 0. Specifically, we find
Da = D
aa
11 =
Ω
2N
[
2η
α2
(1 + a0(1− 2η)) + 3a1
]
≈ Ω
2N
[
4η(1− η)
α2
− 3
]
,
Db = D
bb
11 =
Ω
2N
[
2η
α2
(1 + a0(1− 2η)) + a1
]
≈ Ω
2N
[
4η(1− η)
α2
− 1
]
, (S15)
Dab11 =
Ω
2N
b1 ≈ 0.
8Remarkably, the dynamics of the principlal Fourier modes a = a1, b = b1, and filament position X decouples from
the other modes [32] with corresponding Langevin dynamics
a˙ = −Ω(a+ 1− γb2 + βbX/l) + ζa(t),
b˙ = −Ω(b+ γba− βaX/l) + ζb(t), (S16)
X˙ =
Ωl
2pi
(γb− βX/l),
where ζi(t) denote Gaussian white noise terms satisfying 〈ζi(t)ζj(t)〉 = 2Di δijδ(t − t′) for i, j = a, b, and β/(2pi) =
ν = k0/(ξ0Ω), γ = ξa/ξ0 = 2pi
2αU/(Ωl2ξ0).
We now show how Eq. (S16) can be transformed into Hopf normal form. We first treat the noise-free case,
Da = Db = 0. We first do a linear transformation of the coordinate tuple (a, b,X) to a new set of coordinates,
comprising a real variable y and a complex variable Y ,a+ 12b
2X/l
 =
1 0 00 χ χ∗
0 1 1
 yY ∗
Y
 , (S17)
where χ = pi(−+ 2ν + 2i√ν)/(√ν + i)2,  = γ − 1− ν. Conversely, Y = i(b− χX/l)/Imχ with Imχ = −2pi/(√ν +
1/
√
ν) +O(). In the new coordinate set, the linearized dynamics at the fixed point (y, Y ) = (0, 0) is diagonal
d
dt
(
y
Y
)
=
(−Ω 0
0 Ω(/2 + i
√
ν)
)(
y
Y
)
(S18)
One can show that y relaxes to an invariant manifold y = y(Y, Y ∗) that is tangential to the plane y = 0 at (y, Y ) =
(0, 0). For this so-called center manifold [28], we make a quadratic ansatz
y = h1Y
2 + h∗1Y
∗2 + h2Y Y ∗ +O(|Y |3) (S19)
with complex coefficients hi that can be determined self-consistently from the full nonlinear dynamics. The dynamics
of Y on the manifold defined by (S19) comprises a linear term, as well as cubic terms as leading order nonlinearity
dY
dt
= Ω
( 
2
+ i
√
ν
)
Y − g0Y 3 − g1Y 2Y ∗ − g2Y Y ∗2 − g3Y ∗3 +O(|Y |4),
(S20)
where gi are complex numbers. Using nonlinear coordinate transformations of the form Y = Z + θZ
pZ∗(3−p), all
cubic nonlinearities can eliminated, with the exception of Z2Z∗. Thus, we have brought the dynamics of Z into Hopf
normal form
dZ
dt
= µ(Λ− |Z|2)Z + i(ωc − ω1|Z|2)Z +O(|Z|4), (S21)
with parameters
µ =
3pi2Ων(1 + 2ν)
2(1 + 4ν)
, Λ =
Ω
2µ
=
1
pi2
(1 + 4ν)
3ν(1 + 2ν)
, ωc = Ω
√
ν, ω1 = − µ
√
ν
1 + 2ν
. (S22)
For  > 0, in the absence of noise, the complex oscillator variable Z = A exp iϕ oscillates with amplitude A = |Z| = √Λ
and frequency ω0 = ωc − ω1Λ.
In the case of weak noise, we can apply the same series of coordinate transformations used above to the Langevin
equation (S16), while neglecting noise-induced drift terms of order O(1/N)
dZ
dt
= µ(Λ− |Z|2)Z + i(ωc − ω1|Z|2)Z + iζ(t), (S23)
where ζ(t) denotes Gaussian white noise with 〈ζ(t)ζ(t′)〉 = 4D0Λδ(t− t′) and noise strength
4D0Λ = 2Db
(√
ν + 1/
√
ν
2pi
)2
+O(). (S24)
9We now compute the variance of amplitude fluctuations and the phase diffusion coefficient. We consider the limit
of weakly perturbed oscillations, σ2A  Λ. Using Stratonovich calculus, we derive from Eq. (S23) equations for the
instantaneous amplitude A and phase φ
A˙ = µ(Λ−A2)A+ sinφ ζ(t), (S25)
φ˙ = ωc − ω1A2 + cosφ
A
ζ(t). (S26)
We approximate the phase-dependent noise strengths by their phase-averaged expectation values, which will reproduce,
to leading order in the noise-strength, the same dynamics on time-scales longer than the oscillation period. We also
linearize the stochastic dynamics Eq. (S25) for small amplitude fluctuation δA, neglecting terms of order O(δA2),
d
dt
δA ≈ −2µΛδA+ 1√
2
ζ(t), (S27)
φ˙ ≈ ωc − ω1Λ− 2ω1
√
Λ δA+
1√
2Λ
ζ(t). (S28)
The first equation describes an Ornstein-Uhlenbeck process with correlation time τA = (2µΛ)
−1 and variance
σ2A = D0ΛτA = D0/(2µ). (S29)
For the phase-diffusion coefficient, we find
D = lim
t→∞
1
2t
(〈[ϕ(t)− ϕ(0)]2〉 − 〈[ϕ(t)− ϕ(0)]〉2) (S30)
= lim
t→∞
1
2t
〈
∫ t
0
∫ t
0
dt1dt2 ϕ˙(t1)ϕ˙(t2)〉 − ω20 (S31)
=
[
1 +
(
ω1
µ
)2]
D0. (S32)
We now readily find for the qualify factor
Q =
ω0
2D
= Θ
ω0
2Ω
NΛ
η(1− η)
(
2piα√
ν + 1/
√
ν
)2
(S33)
with prefactor
Θ =
[
1− α
2
4η(1− η)
] [
1 +
(
ω1
µ
)2]
. (S34)
This prefactor can be shown to vary around 1 within close bounds,
3/4 ≤ Θ ≤ 9/8, (S35)
and has therefore been omitted in the approximation presented in the main text. The proof of inequality (S35)
involves 0 ≤ α ≤ η and α ≤ (1− η), as well as |ω1/µ| =
√
ν/(1 + 2ν) = 2−1/2/[(2ν)−1/2 + (2ν)1/2) ≤ 2−3/2.
This approximation is only valid for weakly perturbed oscillations with σ2A  Λ; the latter condition can be
rephrased as N  1/2. We remark that amplitude fluctuations remain finite, even at the Hopf bifurcation, and can
be shown to scale as σ2A ∼ N−1/2 for  = 0.
